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Abstract
In this paper, the class of all quasi-weakly compact linear relations is introduced and described in
terms of their first and second adjoints. Complete characterisations are obtained in the case when the
adjoint is continuous. We investigate the connection between a quasi-weakly compact linear relation
and its adjoint. We also characterise the quasi-reflexive spaces in terms of quasi-weak compactness
of operators. Examples of linear relations belonging to this class are exhibited.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction and preliminaries
Several authors [1,19] have introduced quasi-weakly compact operators in order to
generalise some results on weakly compact operators. We remark that the authors con-
sidered only the case of bounded operators in Banach spaces. It is the purpose of this paper
to extend this study to multivalued linear operators in arbitrary normed spaces.
We have adhered to the notation and terminology of the book [10]: X, Y are normed
spaces, BX the closed unit ball of X, X′ and X′′ the first and second dual spaces of X,
respectively. If M ⊆ X and N ⊆ X′ are subspaces, then M⊥ = {x ′ ∈ X′: x ′(x) = 0 for
all x ∈M}, N	 = {x ∈ X: x ′(x) = 0 for all x ′ ∈ N}, JXM (or simply JM ) is the natural
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injection of M into X, QM is the quotient map of X onto X/M and J is the canonical
injection of a given normed space into its second dual.
A multivalued linear operator T :X → Y is a set-valued map such that its graph
G(T ) = {(x, y) ∈ X × Y : x ∈ D(T ), y ∈ T x} is a linear subspace of X × Y . We use
the term linear relation or simply relation, to refer to such a multivalued linear operator
denoted T ∈ LR(X,Y ) (cf. Arens [4] and Lee and Nashed [17]). We let X˜ denote the
completion of X. The closure and completion of a linear relation T , denoted T and T˜ ,
respectively, are defined in terms of their corresponding graphs: G(T ) :=G(T )⊆X× Y ,
G(T˜ ) := G˜(T )⊆ X˜× Y˜ .
A relation T ∈ LR(X,Y ) is said to be closable if T is an extension of T , continuous if
for any neighbourhood⊆R(T ), the inverse image T −1() is a neighbourhood in D(T ),
and open if its inverse T −1 is continuous.
The conjugate or adjoint T ′ of T ∈ LR(X,Y ) is defined by G(T ′) := G(−T −1)⊥ ⊆
Y ′ ×X′ where [(y, x), (y ′, x ′)] := [x, x ′] + [y, y ′] = x ′(x)+ y ′(y). For (y ′, x ′) ∈G(T ′)
we have y ′(y) = x ′(x) whenever x ∈ D(T ). For T ∈ LR(X,Y ), Q denotes the quotient
map of Y ′′ onto Y ′′/D(T ′)⊥.
Linear relations were introduced in functional analysis by J. von Neumann [18], moti-
vated by the need to consider adjoints of non-densely defined linear differential operators
which are considered by Coddington [7], Coddington and Dijksma [8], Dijksma et al. [12],
among others.
Other recent works on multivalued mappings include the treatise on partial differential
relations by Gromov [15] and the application of multivalued methods to solving differential
equations by Favini and Yagi [13].
Problems in optimisation and control also led to the study of set-valued maps and
differential inclusions (see, for example, Aubin and Cellina [5], Clarke [6], among others).
Studies of convex processes, tangent cones, etc., form part of the theory of convex analysis
developed to deal with non-smooth problems in viability and control theory, for example.
Some of the basic topological properties from this area coincide with the core of the
topological results for multivalued linear operators.
Let us first recall some facts about bounded operators in Banach spaces. Suppose that X,
Y are Banach spaces, V is a finite dimensional subspace of Y ′′ such that JY ∩V = {0} and
T :X→ Y is a bounded operator. Then T is called V -weakly compact if TBX is relatively
σ(Y,V 	)-compact and T is said to be quasi-weakly compact if T is V -weakly compact for
some V as above. These operators have been considered in [1] and [19] (with a different
name).
These concepts can be generalised naturally to multivalued linear operators in arbitrary
normed spaces as follows:
Definition 1. Let T ∈ LR(X,Y ) and let V be a finite dimensional subspace of Y ′′ such
that (JY + T ′′(0))∩ V = {0}. We say that T is V -weakly compact if T BD(T ) is relatively
σ(Y,V 	 ∩D(T ′))-compact, and T is called quasi-weakly compact if T is V -weakly com-
pact for some V as above.
The corresponding classes of linear relations will be abbreviated V -WC(X,Y ) and
QWC(X,Y ), respectively.
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When V = {0} our definition of a V -weakly compact relation coincides with the notion
of a weakly compact relation which is due to Cross [10].
We observe that in the context of bounded operators in Banach spaces, the class of
quasi-weakly compact operators is closely related to the class of bounded operators of
finite range. Indeed, in [1], it is shown that if T is a bounded operator from a Banach space
X into a Banach space Y , then T is quasi-weakly compact if and only if the functional of
Yang of T , T co, is of finite range, where T co is defined in [20] (with the notation T ) by
T co :x ′′ + JX ∈X′′/JX→ T co(x ′′ + JX) := T ′′x ′′ + JY ∈ Y ′′/JY . Using this fact, we
shall present an example of a quasi-weakly compact operator. In order to do that, we shall
adapt a construction of Álvarez and González [2] which was used to prove that the second
conjugate of a bounded Tauberian operator in Banach spaces is not always Tauberian.
Recall that if T :X→ Y is a bounded operator, where X and Y are Banach spaces, then T
is called Tauberian if (T ′′)−1JY ⊆ JX.
Example 2. There exist a Banach space Z and a bounded operator T :Z→ Z in such a
form that Z′′/JZ ≡ l1 and T is quasi-weakly compact but not weakly compact.
We denote by en the unit vector basis of l1, Xn the subspace of l1 generated by
{e1, . . . , en}, Pn the projection from l1 onto Xn, and Υ (Xn) := {(xn): xn ∈Xn,‖xn‖1 → 0








+ ‖xnk‖2: n1 < n2 < · · ·< nk
}
.
Álvarez and González [2, Theorem 4] prove that Υ (Xn) satisfies the following prop-
erties:
(a) Z := (Υ (Xn),‖ · ‖Υ ) is a Banach space.
(b) Z′′ = {(xn): xn ∈Xn, ‖(xn)‖Υ <∞}.
(c) If (xn) ∈ Z′′, then (xn) is convergent in l1.
(d) The map U : (xn)+JZ ∈Z′′/JZ→ U((xn)+JZ) := limxn := u ∈ l1 is an isometry.
(e) If (xn) ∈ Z′′, then (Pnu)+JZ = (xn)+JZ, since both sequences have the same limit.
Now, fix m ∈ N , let us consider the operator S : (xn) ∈ l1 → S(xn) := (x1, . . . , xm,0,
0, . . .) ∈ l1 and we define T in Z by T (xn) := (Sxn), xn ∈Xn.
We shall verify the following properties:
(i) S is a bounded operator of finite range, which leaves invariant the subspaces Xn of l1
and commutes with the projections Pn.
(ii) T is bounded.
(iii) T co ≡ S (up to an isometry).
(i) Follows immediately from the definitions.
(ii) From ‖Sxni+1 − Sxni‖ ‖xni+1 − xni‖ and the definition of ‖ · ‖Υ it follows easily
that ‖T ‖ 1.
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(iii) Let (xn) ∈ Z′′ and let U be the isometry considered in (d). Then, from the
definitions and properties (a)–(e) we have the chain of equalities: UT co((xn) + JZ) =
UT co((Pnu)+JZ)=U(T (Pnu)+JZ)=U((SPnu)+JZ)=U((PnSu)+JZ)= Su=
SU((xn)+ JZ), that is, T co ≡ S.
In consequence T is a quasi-weakly compact operator. By virtue of result of Yang [20,
Theorem 4.1], T is weakly compact if and only if T co = 0 and consequently T is not
weakly compact.
In the classical case of bounded operators in Banach spaces we have the following
characterisation:
Theorem 3. Let T :X→ Y be a bounded operator where X and Y are Banach spaces
and V is a finite dimensional subspace of Y ′′ such that JY ∩ V = {0}. Then the following
properties are equivalent:
(i) T is V -weakly compact.
(ii) R(T ′′)⊆ JY ⊕ V .
(iii) The restriction of T ′ to V	, T ′|V	 , is σ(V	, Y )− σ(X′,X′′) continuous.
Proof. See [1] and [19, Theorem 4.4]. ✷
In Section 2 we shall obtain characterisations for linear relations analogous to those of
Theorem 3 (among others). The properties corresponding to (i), (ii) and (iii) are:
(i′) T is V -weakly compact.
(ii′) R(T ′′)⊆ (JY + T ′′(0))⊕ V .
(iii′) The restriction of T ′ to V	 ∩ D(T ′) is σ(V 	 ∩ D(T ′), Y ) − σ(X′,D(T ′′))
continuous.
The examples presented in this section illustrate the usefulness of the analogue to
Theorem 3 (Theorem 7 below).
Some results obtained in this section show that, unfortunately, not all the properties
enjoyed by quasi-weakly compact operators in Banach spaces are shared by quasi-weakly
compact linear relations in normed spaces.
Civin and Yood [9] define a Banach space X to be quasi-reflexive of order n if dimX′′/
JX = n. They prove that a Banach space is quasi-reflexive of order n if and only if so is
its dual. Álvarez and Onieva [1] prove that if T is a bounded operator from a Banach space
X into a Banach space Y , then T is quasi-weakly compact if and only if T factors through
a quasi-reflexive space; that is, there exist a quasi-reflexive space Z and T1 :X → Z,
T2 :Z→ Y bounded operators such that T = T2T1. Combining both facts it follows that
the class of all bounded quasi-weakly compact operators in Banach spaces is stable under
duality. Section 3 investigates the validity of this property in the general case of multivalued
linear operators.
In Section 4 we shall present some results which characterise the quasi-reflexive spaces
in terms of quasi-weak compactness of operators.
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Finally, in Section 5 we cite some fields where the quasi-weakly compact linear relations
can be play an important role and we conclude with some unanswered questions.
2. First and second adjoints of a quasi-weakly compact linear relation
This section starts proving some lemmata that we need to obtain the main result
(Theorem 7 below) which describes the quasi-weakly compact linear relations in terms
of their first and second conjugates.
Throughout this section, except where stated otherwise,X and Y are normed spaces and
T is a linear relation in LR(X,Y ).
Lemma 4. Let V be a finite dimensional subspace of Y ′′ and K a σ(Y ′′,V 	 ∩D(T ′))-
compact subset in Y ′′. Then we have:
(i) Both K + V and K + V + T ′′(0) are σ(Y ′′,V 	 ∩D(T ′))-compact.
(ii) K + V + T ′′(0) is σ(Y ′′,V 	 ∩D(T ′))-closed.
Proof. Let (uα) be a net in K + V + T ′′(0), uα = kα + vα + τα , with kα ∈ K , vα ∈ V ,
τα ∈ T ′′(0).
(i) AsK is σ(Y ′′,V	∩D(T ′))-compact, a subnet (kβ) of (kα) converges in σ(Y ′′,V 	∩
D(T ′)) to some k ∈ K and for y ′ ∈ V 	 ∩ D(T ′) we have uα(y ′) = kα(y ′) (as T ′′(0) =
D(T ′)⊥ [10, Proposition III.1.4]), so (uβ) converges to k with respect to σ(Y ′′,V	 ∩
D(T ′)), and henceK+V +T ′′(0) is σ(Y ′′,V	∩D(T ′))-compact. ForK+V , put τα = 0.
(ii) Let uα → u ∈ Y ′′ in σ(Y ′′,V 	∩D(T ′)). Then uα(y ′)= kα(y ′)→ u(y ′) for all y ′ ∈
V 	 ∩D(T ′)). By (i) there exists a subnet (uβ ) of (uα) with uβ(y ′)= kβ(y ′)→ k(y ′) for
some k ∈K and for all y ′ ∈ V 	 ∩D(T ′). Therefore (u− k)(y ′)= 0 for y ′ ∈ V 	 ∩D(T ′)).
But V 	 is a closed finite codimensional subspace of Y ′ and hence V	 ∩D(T ′) is dense
in V 	 ∩ D(T ′) by [14, Lemma IV.2.8]. Thus u − k ∈ (V 	 ∩ D(T ′))⊥. Now from [10,
Theorem III.3.9], we have that (V 	 ∩ D(T ′))⊥ = V + D(T ′)⊥ = V + T ′′(0) (as V +
D(T ′)⊥ is closed) V = V 	⊥ as dimV <∞ and T ′′(0)= D(T ′)⊥ [10, Theorem III.1.4].
Consequently u ∈K + V + T ′′(0). ✷
Lemma 5. Let V be a finite dimensional subspace of Y ′′. Then we have:
(i) If V ∩ JY = {0}, then V 	 is weak∗-dense in Y ′.
(ii) If V ∩ (JY + T ′′(0))= {0}, then V	 ∩D(T ′) is σ(D(T ′), JY )-dense in D(T ′).
Proof. (i) This is well known.
(ii) Consider the duality (D(T ′), JY ) and put E := V◦ (= V 	 ∩ D(T ′) ). Then
E◦ = JY ∩ {y ′′ ∈ Y ′′: y ′′(y ′) = 0, y ′ ∈ E} = JY ∩ E⊥ = JY ∩ (V 	 ∩ D(T ′) )⊥ =
JY ∩ (V + T ′′(0)) by [10, Theorem III.3.9]. Now, if Jy ∈ JY ∩ (V + T ′′(0)) then there
are v ∈ V , τ ∈ T ′′(0) such that Jy = v + τ , and from the hypothesis it follows that v = 0.
Consequently JY ∩ (V + T ′′(0)) ⊆ JY + T ′′(0). Thus E◦ ⊆ T ′′(0). Hence D(T ′) =
D(T ′)∩D(T ′)⊥	 = (T ′′(0))◦ ⊆ (E◦)◦. By the bipolar theorem, the σ(D(T ′), JY )-closure
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of V 	 ∩D(T ′) thus contains D(T ′). But V 	 ∩D(T ′) is norm dense in V	 ∩D(T ′) by
[14, Lemma IV.2.8]. Hence (ii) follows. ✷
Lemma 6. Let y ′′ ∈ Y ′′. Then y ′′ ∈ JY + T ′′(0) if and only if y ′′|D(T ′) is σ(D(T ′), JY )-
continuous.
Proof. Let y ′′|D(T ′) be σ(D(T ′), JY )-continuous. Using the canonical isometry which
identifies Y ′′/D(T ′)⊥ with D(T ′)′ [14, Theorem I.6.4] we can consider D(T ′)′ = QY ′′
and so, we have y ′′|D(T ′) = Qy ′′. Let (y ′α) be a net in D(T ′) for which y ′α → 0 in
σ(D(T ′), JY ). Then Qy ′′(y ′α)→ 0 (continuity hypothesis). Hence Qy ′′ =QJy for some
y ∈ Y by [16]. Thus y ′′ − Jy ∈D(T ′)⊥ =N(Q)= T ′′(0) and so y ′′ ∈ JY + T ′′(0).
Conversely, if y ′′ ∈ JY + T ′′(0), then Qy ′′ = QJy for some y ∈ Y , which is
σ(D(T ′),QJY ) continuous. Hence y ′′|D(T ′) is σ(D(T ′), JY )-continuous. ✷
Theorem 7. Let V be a finite dimensional subspace of Y ′′ such that V ∩ (JY + T ′′(0))
= {0}. Consider the following properties:
(i) T ∈ V -WC(X,Y ).
(ii) R(T ′′)⊆ (JY + T ′′(0))⊕ V .
(iii) T ′ is σ(Y ′, (JY + T ′′(0))⊕ V )− σ(X′,D(T ′′)) continuous.
(iv) T ′|V	∩D(T ′) is σ(V 	 ∩D(T ′), Y )− σ(X′,D(T ′′)) continuous.
Then (i)⇒ (ii)⇔ (iii)⇔ (iv) and if T ′ is continuous then (i)⇔ (ii).
Proof. (i) ⇒ (ii). Assume that (i) holds and write
M := V 	 ∩D(T ′), A := T BD(T ) σ (Y,M).
We have JA compact in σ(Y ′′,M) by (i), JA + V + T ′′(0) closed in σ(Y ′′,M) by
Lemma 4, and since T ′′BD(T ′′) is contained in the σ(Y ′′,D(T ′))-closure of JT BD(T ) [10,
Proposition VIII.1.9] it follows that
T ′′BD(T ′′) ⊆ JT BD(T ) σ (Y ′′,D(T ′)) ⊆ JT BD(T ) σ (Y ′′,M)
⊆ JAσ(Y ′′,M) ⊆ JA+ V + T ′′(0) σ(Y ′′,M) = JA+ V + T ′′(0)
⊆ JY + V + T ′′(0),
as required.
(ii) ⇒ (iii). Assume (ii) and let y ′α → 0 in σ(Y ′, (JY + T ′′(0)) + V ). Then for
x ′′ ∈ D(T ′′), we have that (T ′′x ′′)(y ′α) converges to 0 by (ii). Hence x ′′(T ′y ′α) → 0,
showing that T ′y ′α→ 0 in σ(X′,D(T ′′)).
(iii) ⇒ (iv). Let (y ′α) be a net in D(T ′) ∩ V	 which is σ(Y ′, Y ) convergent to 0. Then
for y ′′ = Jy + τ + v ∈ (JY + T ′′(0))+V , we have y ′′(y ′α)= Jy(y ′α)→ 0. Hence y ′α → 0
in σ(Y ′, (JY +T ′′(0))+V ) and therefore by (iii), T ′y ′α→ 0 in σ(X′,D(T ′′)). Hence (iv)
follows.
Next, we use the condition (JY + T ′′(0))∩V = {0} (or equivalently QV ∩QJY = {0}
in QY ′′) to show that (iv) implies (ii). Consider S := T ′JD(T ′) ∈ LR(D(T ′),X′). Then
S′ ∈LR(X′′,QY ′′) and D(S′)=D(T ′′) since S′ =QT ′′(0)T ′′ by [10, Theorem III.1.10].
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We shall verify that S|(QV )◦ is σ(D(S),QJY ) − σ(X′,D(S′)) continuous (here the
polar is in (D(T ′), JY ). Let (y ′α) be a net in (QV )◦ = V	 ∩ D(T ′) such that y ′α → 0
in σ(D(T ′),QJY ). Then QJy(y ′α)→ 0, whence Jy(y ′α)→ 0 for y ∈ Y . Thus y ′α → 0
in σ(Y ′, Y ). Hence by (iv), T ′y ′α → 0 in σ(X′,D(T ′′)), and substituting S for T ′, we
have that x ′′(Sy ′α) converges to 0 for all x ′′ ∈D(S′), that is, S(y ′α)→ 0 in σ(X′,D(S′)).
Fix x ′′ ∈ D(T ′′) = D(S′) and let g := S′x ′′|(QV )◦ (note that S′ is single valued). Then
g is linear and σ((QV )◦,QJY )-continuous. Indeed, if y ′α → 0 in σ((QV )◦,QJY ),
then S(y ′α) = T ′(y ′α) → 0 in σ(X′,D(S′)), so g(y ′α) = (S′x ′′)(y ′α) = x ′′(S′y ′α) → 0.
But (QV )◦ = V 	 ∩ D(T ′) is σ(D(T ′), JY )-dense in D(T ′) by Lemma 5, and hence
σ(D(T ′),QJY )-dense in D(T ′).
Let f be the continuous linear extension of g, with respect to the σ(D(T ′),QJY )
topology to the whole space D(T ′). Since QJY separates the points of D(T ′), we
have f ∈ QJY [16, Theorem 9.13]. Write w := f − S′x ′′. Then for y ′ ∈ (QV )◦ we
have w(y ′) = f (y ′) − S′x ′′(y ′) = 0. Thus w ∈ ((QV )◦)◦ = QV and therefore S′x ′′ ∈
QJY +QV . Consequently T ′′x ′′ =Q−1(S′x ′′)⊆Q−1(QJY +QV )= JY +V +T ′′(0),
as required.
It remains only to prove that (ii) ⇒ (i) if T ′ is continuous. Then D(T ′′) = D(T )′′ =
D(T )⊥⊥ by [10, Theorem III.8.10].
Let (xα) be a net in BD(T ). By the Alaoglu theorem the set
BD(T ′′) = BD(T )′′ = JBD(T )σ (D(T )′′,D(T )′)
is σ(D(T )′′,D(T )′)-compact. Hence there is a subnet (xβ) of (xα) for which (J xβ) is
σ(D(T ′′),D(T )′) convergent, with limit x ′′ in D(T ′′), and since T ′′ is σ(D(T ′′),D(T )′)−
σ(D(T ′)′,D(T ′)) continuous [10, Proposition VIII.1.8], we have T ′′Jxβ → T ′′x ′′ in
σ(D(T ′)′,D(T ′)). But T ′′x ′′ ∈ JY + T ′′(0) + V . Hence if y ′ ∈ D(T ′) ∩ V 	 then
(T ′′x ′′)(y ′) = Jy(y ′) for some y ∈ Y , and (T ′′Jxβ)(y ′) = (J xβ)(T ′y ′) = (T ′y ′)(xβ)→
T ′′x ′′(y ′) = Jy(y ′). Thus y ′(T xβ)→ y ′(y) for y ′ ∈ V	 ∩ D(T ′), that is, T xβ → y in
σ(Y,V 	 ∩D(T ′)), showing that TBD(T ) is relatively σ(Y,V 	 ∩D(T ′))-compact. Hence
(ii) ⇒ (i), and the equivalence of (i) and (ii) is now established. ✷
This theorem generalises the corresponding result for weakly compact relations of
Cross [10, Proposition VIII.2.8 and Theorem VIII.2.11]. Also, the statements (i) ⇔ (ii)
and (i) ⇔ (iv) are generalisations of Theorem 2. The authors believe that the equivalence
(ii) ⇔ (iii) of Theorem 7 is new even in the case of bounded operators in Banach spaces.
As an application of Theorem 7 we give the following examples of quasi-weakly
compact linear relations.
Example 8. Let S :X→ Y be a bounded operator, where X and Y are Banach spaces.
Suppose that S is surjective and Y is quasi-reflexive. Then, the inverse of S is a quasi-
weakly compact linear relation.
Let T := S−1. Since D(T ) = D(S−1) = R(S) = Y is complete, T ′ is continuous
[10, Corollary III.4.3] and so by Theorem 7, T is quasi-weakly compact if and only if
R(T ′′) ⊆ (JX + T ′′(0)) ⊕ V for some finite dimensional subspace V of X′′ such that
(JX+ T ′′(0))∩ V = {0}.
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We have:
(1) D(T ′′) = D(T )′′ [10, Theorem III.8.10] = Y ′′ = JY ⊕ F for some finite dimen-
sional subspace F of Y ′′ (as Y is quasi-reflexive).
The linear relation QT ′′ is single valued and verifies the following properties:
(2) D(QT ′′)=D(T ′′), N(QT ′′)=N(T ′′) [10, Proposition I.6.4]=R(T ′)⊥ [10, Prop-
osition III.1.4]=R((S−1)′)⊥ =R((S′)−1)⊥ [10, Proposition III.1.3]=D(S′)⊥ = {0}.
QT ′′JY =QJT Y . To prove this equality we have combined [10, Proposition VIII.1.2]
with the fact that in this setting T ′′(0) = T ′′(0) by [10, Proposition II.5.3] and hence Q
coincides with Q2, where Q2 denotes the quotient map from X′′ onto X′′/T ′′(0).
Now, using (1), (2) and [10, Lemma I.6.8] we obtain
(3) R(QT ′′) = QT ′′JY + QT ′′F = QJT Y + QT ′′F and QT ′′JY ∩ QT ′′F =
QT ′′(0)= {0}.
But, since R(T ) = R(S−1) = D(S) = X, from (3) it follows that R(QT ′′) =QJX +
QT ′′F with QJX ∩QT ′′F = {0} of QX′′ (or, equivalently, (JX+ T ′′(0))∩ T ′′F = {0}).
Therefore R(T ′′)⊆Q−1(QJX+QT ′′F)= (JX+ T ′′(0))+ T ′′F and (JX+ T ′′(0)) ∩
T ′′F = {0}. Hence according to Theorem 7, T is quasi-weakly compact.
Example 9. Let T ∈ LR(X,Y ) where D(T ) = X is a Banach space and Y is quasi-
reflexive. Then T is quasi-weakly compact.
Indeed, since D(T ) is complete, we prove as in Example 8 that T ′ is continuous and
D(T ′′)=D(T )′′. So (ii) of Theorem 7 is satisfied. Therefore T is quasi-weakly compact.
Example 10. On every separable quasi-reflexive Banach space X there exists an every-
where defined quasi-weakly compact operator T from X into l1 and T |M is discontinuous
for every infinite dimensional subspace M of X.
Choose a countable dense subset {xn: n ∈ N} of BX . Define S : l1 → X by S : (αn) ∈
l1 → S(αn) :=∑∞n=1 αnxn. It is easy to prove that S is a bounded surjective operator. Let
B be an algebraic complement of N(S) in l1. Then S|B is a continuous injective operator
of B onto X. Put T := (S|B)−1. Then T is an everywhere defined operator from X into l1,
which is quasi-weakly compact. The proof is similar to that of Example 8. The remaining
part of the example is an obvious consequence of the fact that no infinite dimensional
subspace of l1 is isomorphic to a subspace of a quasi-reflexive Banach spaces. (To see this
note that every closed infinite dimensional subspace of l1 contains a subspace isomorphic
to l1.)
Examples of differential operators T with D(T ′) = {0} (hence, T is weakly compact
by [10, Theorem VIII.2.6]) can be found in the literature (see [10] for further references).
However, we do not know if there exist non-densely defined differential operators T with
D(T ′) = {0} such that T is a weakly compact (or a quasi-weakly compact) linear relation.
Our aim in the remaining part of this section is to discover new properties of the bounded
quasi-weakly compact operators in Banach spaces which are not true, by working in the
general context of multivalued linear operators.
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Proposition 11. The restriction of a bounded quasi-weakly compact operator in Banach
spaces to any closed subspace is quasi-weakly compact.
Proof. Follows immediately from the definition of quasi-weak compactness and Theo-
rem 2. ✷
The continuity hypothesis for the operator in above proposition is necessary. In effect,
we have
Example 12. There exists a quasi-weakly compact operator between Banach spaces having
a non-quasi-weakly compact restriction.
Let X = Y = L1[0,1], and define T by D(T ) = {f ∈ L1[0,1]: f ′ ∈ L1[0,1]}, Tf =
f ′ (f ∈D(T )), where f ′ is the derivative of f . Let E be the subspace of D(T ) consisting
of the absolutely continuous functions. Then T is weakly compact, T |E is closed, densely
defined, surjective and dimN(T |E) <∞ [10, Example V.5.9]. Since Y is complete and
R(T |E) = Y , we have that (T |E)′ has continuous inverse and consequently (T |E)′′ is
surjective [14, Theorems II.3.9 and II.3.13]. Therefore T |E is not quasi-weakly compact,
by Theorem 7.
Recall that a linear relation T ∈ LR(X,Y ) is said to be strictly singular if there is no
infinite dimensional subspace M of D(T ) such that T |M is injective and open. When X,
Y are complete and T is bounded then our definition of strictly singular relation coincides
with the standard notion of bounded strictly singular operator in Banach spaces.
In order to give a condition under which a bounded quasi-weakly compact operator in
Banach spaces is strictly singular, we introduce the following definition.
Definition 13. A Banach space X belongs to VIQR if no closed infinite dimensional
subspace of X contains an infinite dimensional quasi-reflexive subspace.
Proposition 14. Let T :X→ Y be a bounded quasi-weakly compact operator, where X
and Y are Banach spaces. Then T is strictly singular if X or Y belongs to VIQR.
Proof. If T is not strictly singular, then there exists a closed infinite dimensional subspace
M of X for which (T |M)−1 is continuous. If T ∈QWC(X,Y ) it is clear that T |M is quasi-
weakly compact and so is the identity on M , IM (since IM = (T |M)−1(T |M)). Now, by
Theorem 2,M is a quasi-reflexive subspace ofX and also TM is a quasi-reflexive subspace
of Y , contradicting the assumption for X or Y . ✷
In contrast to Proposition 14 we have:
Example 15. On every separable quasi-reflexive space X there is an operator T ∈
QWC(X, l1) but not strictly singular.
The quasi-weakly compact operator T considered in Example 10 is not strictly singular.
In effect, assume that T is strictly singular; then by [10, Theorems V.2.6 and V.4.3] there
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is a finite codimensional subspace M of X such that T |M is continuous which is not true.
Clearly l1 ∈ VIQR.
3. Adjoint quasi-weakly compact linear relations
Here we investigate the relationship between a quasi-weakly compact linear relation
and its conjugate.
Proposition 16. If T is quasi-weakly compact, then so is JY˜Y T .
Proof. Suppose that T ∈ V -WC(X,Y ) for some finite dimensional subspace V in Y ′′
such that (JY + T ′′(0))∩ V = {0}. Then J Y˜Y T ∈ V -WC(X, Y˜ ). This follows immediately
from the definition of V -weak compactness upon observing that Y ′ ≡ Y˜ ′, T ′ ≡ T˜ ′
≡ (J Y˜Y T )′ and that V can be regarded as a finite dimensional subspace of Y˜ ′′ such that
(J Y˜ + T˜ ′′(0))∩ V = {0}. ✷
Let E denote the subspace D(T ′)	. Then the relation QET is single valued and clos-
able, and since (QET )′ = T ′JE⊥ with E⊥ ⊃ D(T ′), we have that D(T ′) = D((QET )′)
[10, Corollary III.4.11].
Definition 17. The relation QET defined as above is termed the regular contraction of T .
Proposition 18. Let Y be complete and let T ∈ QWC(X,Y ). Then QET ∈ QWC(X,
Y/E).
Proof. Let V be a finite dimensional subspace of Y ′′ such that V ∩ (JY + T ′′(0))= {0}
and T BD(T ) is relatively σ(Y,V 	∩D(T ′))-compact. We shall prove that QET is (Q′′EV )-
weakly compact.
We write S :=QET, D :=Q′′EV . We first show that D ∩ (J (Y/E)+ S′′(0))= {0}.
Since Y is complete, it is simple to verify that J (Y/E)=Q′′EJY , D(T ′)⊆D(T ′)	⊥ =
E⊥ =N(QE)⊥ = R(Q′E), R(Q′′E)= (Y/E)′′ and so by [10, Theorem III.1.6] we deduce
that S′′ = Q′′ET ′′. Therefore D ∩ (J (Y/E) + S′′(0)) = Q′′EV ∩ (Q′′EJY + Q′′ET ′′(0)).
Combining this equality with V ∩ (JY + T ′′(0))= {0} and N(Q′′E)= E⊥⊥ ⊆D(T ′)⊥ =
T ′′(0) it follows that D ∩ (J (Y/E)+ S′′(0))= {0} as required.
Now, let (xα) be a net in BD(S) = BD(T ). By hypothesis there exists y ∈ Y and a subnet
(xβ) of (xα), such that for y ′ ∈ V 	 ∩D(T ′), y ′(T xβ)→ y ′(y). Since D	 = (Q′E)−1(V	)
by [10, Corollary III.2.3] and D(T ′) = D(S′) we have that for z′ ∈ D	 ∩ D(S′),
Q′Ez′(T xβ) = z′(QET xβ)→Q′Ez′(y)= z′(QEy) and hence QETBD(QET ) is relatively
σ(Y/E, (Q′′EV )	 ∩D((QET )′))-compact. ✷
Theorem 19. If T ′ is continuous and T is quasi-weakly compact, then T ′ is quasi-weakly
compact.
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Proof. Case I: Let T be a continuous operator, and let X, Y be complete, with T densely
defined. Suppose that T ∈ V -WC(X,Y ) for some finite dimensional subspace V for
which JY ∩ V = {0}. If R denotes the map T ′′ :X′′ → JY ⊕ V , then we shall prove that
T ′ ∈ U -WC(Y ′,X′) where U :=R′V ′.
By Hahn–Banach theorem, we can identify (JY ⊕ V )′ with JY ′ ⊕ V ′. Let I :JY ⊕
V → Y ′′ be the inclusion and J1 :Y → JY ⊕ V the canonical embedding of Y into
JY ⊕ V . Then from JT = T ′′J , T ′′ = IR, and J = IJ1, it is seen that T ′J ′1 = J ′R′.
Since N(J ′1) ≡ (JY ⊕ V/JY )′ ≡ V ′, it follows that T ′J ′1V ′ = J ′R′V ′ = {0} and hence
U := R′V ′ ⊆ N(J ′). Now, we prove that JX′ ∩ U = {0}. For this, let x ′′′ ∈ JX′ ∩ U ,
then x ′′′ = Jx ′ with J ′(J x ′) = 0 for some x ′ ∈ X′, and therefore Jx ′(J x) = x ′(x) = 0
for all x ∈ D(T ). But since D(T ) = X, we conclude that x ′(x) = 0 for all x ∈ X, that
is, x ′ = 0 and thus x ′′′ = 0. Moreover, since T ′′ = IR, we have R(T ′′′) = R′I ′Y ′ ⊆
R′(JY ⊕ V )′ ≡ R′(JY ′ ⊕ V ′) ⊆ R′JY ′ + U = JT ′Y ′ + U ⊆ JX′ ⊕ U . Therefore, by
Theorem 7, T ′ ∈ U -WC(Y ′,X′).
Case II: Let T ∈ QWC(X,Y ) such that T ′ is continuous. Consider the regular con-
traction S :=QEJ Y˜Y T where E :=D(T ′)	. Then S is quasi-weakly compact by Proposi-
tions 16 and 18. Since S′ = T ′JE⊥ where D(T ′)⊆ E⊥, we may suppose without loss of
generality that S = T and hence that Y is complete and T closable and single valued. More-
over, since T ′ is continuous, T is a continuous linear operator by [10, Exampje III.4.10]
and therefore T ′ is quasi-weakly compact by case I. ✷
Theorem 20. Let T ′ be a continuous quasi-weakly compact linear relation, and let Y be
complete. Then T is quasi-weakly compact.
Proof. Case I: Let T be a continuous linear operator with domain dense in a Banach
space X. Then D(T ′′) = D(T )′′ ≡ X′′, D(T )′ ≡ X′, D(T ′) = Y ′. Assume that T ′ ∈
U -WC(Y ′,X′) for someU ⊂X′′′ with dimU <∞ and JX′ ∩U = {0}. Let U1 be a closed
subspace of X′′ such that X′′ =U	⊕U1. Since X′′′ = JX′ ⊕ (JX)⊥, we may assume that
U ⊆ (JX)⊥ and thus JX ⊆ U	. Then JBD(T ) ∩ U	 = JBD(T ) ⊆ (BX′′ ∩ U	) ⊕ U1.
We write Z := (BX′′ ∩ U	) ⊕ U1. We first show that Z = Z σ(X′′,X′). For this, let
(zα) = (uα + vα) be a net in Z, uα ∈ BX′′ ∩ U	, vα ∈ U1, such that (zα) converges in
σ(X′′,X′) to some x ′′ = u + v ∈ U	 ⊕ U1. As (uα) is a net in BX′′ ∩ U	 and BX′′ is
σ(X′′,X′)-compact, a subnet (uβ) of (uα) converges to a point u◦ in BX′′ in σ(X′′,X′).
Then the subnet (vβ) of (vα) in U1 converges to x ′′ −u◦ in the σ(X′′,X′) topology on X′′.
Since U1 is σ(X′′,X′)-closed we have x ′′ − u◦ ∈U1. Therefore u= u◦ ∈ BX′′ ∩U	. This
proves that Z =Z σ(X′′,X′). Now, since
JBD(T )
σ (X′′,X′) = BX′′ and JBD(T ) ⊆ (BX′′ ∩U	)⊕U1,
which is σ(X′′,X′)-closed, it follows that BX′′ ⊆ (BX′′ ∩ U	)⊕ U1. By Theorem 7, the
map T ′′|U	 is σ(Y ′, Y )− σ(X′,X′′) continuous and we deduce that
T ′′BX′′ ⊆ T ′′(BX′′ ∩U	)+ T ′′U1 = T ′′
(
JBD(T )
σ (X′′,X′) ∩U	)+ T ′′U1
⊆ T ′′JBD(T ) σ (Y ′′,Y ′) + T ′′U1 = JT BD(T ) σ (Y ′′,Y ′) + T ′′U1
⊆ JY + T ′′U1.
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But, dimT ′′U1 < ∞ and since JX′ ∩ U = {0}, X′′′ = U ⊕ U⊥1 we conclude that
JY ∩ T ′′U1 = {0}. Therefore, T ∈ (T ′′U1)−WC(X,Y ).
Case II: Suppose that T ′ ∈QWC(Y ′,X′) with T ′ continuous and Y complete. Consider
the regular contraction S :=QD(T ′)	T . Then, as in the case II of the previous theorem we
may assume that S = T and by case I it follows that T is quasi-weakly compact. ✷
Corollary 21. If Y is complete and T ∈ LR(X,Y ) has continuous conjugate, then T is
quasi-weakly compact if and only if so is T ′.
4. Characterisations of quasi-reflexive spaces
Our next objective is to characterise the quasi-reflexive spaces in terms of quasi-weak
compactness of operators. For this we shall need some auxiliary results.
Proposition 22. Let T :X→ Y be a bounded operator, where X and Y are Banach spaces,
V is a finite dimensional subspace of Y ′′ such that JY ∩ V = {0}, V ⊆ R(T ′′) and T is
V -weakly compact. Then R(T ′′)= JR(T )⊕ V .
Proof. By Theorem 2, R(T ′′) ⊆ JY ⊕ V . If y ′′ = Jy + v ∈ R(T ′′) ⊆ N(T ′)⊥, y ∈ Y ,
v ∈ V , then 0 = y ′′(y ′) = Jy(y ′) + v(y ′) = y ′(y) for all y ′ ∈ N(T ′) = R(T )⊥ (as V ⊆
R(T ′′)⊆ N(T ′)⊥). Thus y ∈ R(T )⊥	 = R(T ). Therefore R(T ′′)⊆ JR(T )⊕ V . Now, as
JR(T )⊕V is trivially closed, it follows that R(T ′′)⊆ JR(T )⊕V and the other inclusion
is clear. ✷
Proposition 23. Let T :X→ Y be a bounded quasi-weakly compact operator, whereX and
Y are Banach spaces. Then T is W -weakly compact for some finite dimensional subspace
W of Y ′′ such that JY ∩W = {0}, W ⊆ R(T ′′) and R(T ′′)= JR(T )⊕W .
Proof. Let T be V -weakly compact with dimV <∞. Let U := V ∩ R(T ′′) and V =
U ⊕ Z, where Z is a complementary subspace of U in V . If Z = {0}, then it is suffices
consider W = V . Assume that Z = {0}. Let {z1, z2, . . . , zm} be a basis of Z. For each zj ,
1 j m, there is y ′′j ∈ R(T ′′) such that y ′′j = Jyj +uj+λjzj = 0, where yj ∈ Y , uj ∈ U
and λj = 0 a scalar. Then, if U1 denotes the subspace spanned by {y ′′1 , . . . , y ′′m}, it is easy
to verify that the subspace W := U ⊕ U1 is contained in the closure of R(T ′′) and T is
W -weakly compact. The last assertion then follows from above proposition. ✷
Theorem 24. A Banach space is quasi-reflexive if and only if is the image of a bounded
quasi-weakly compact operator with range closed acting between Banach spaces.
Proof. Let T :X→ Y be a bounded quasi-weakly compact operator such that X, Y are
complete and R(T ) is closed. By Propositions 22 and 23 there exists a finite dimensional
subspace V of Y ′′ such that JY ∩ V = {0}, V ⊆ R(T ′′) and R(T ′′)= JR(T )⊕ V , since
R(T ′′) is closed if R(T ) is so. Then, R(T )′′ = JR(T )⊕ (J ′′
R(T )
)−1V (as J ′′
R(T )
R(T )′′ =
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R(T ′′)), that is, R(T ) is quasi-reflexive. The converse is just as simple if we recall that if
Z is quasi-reflexive, then the identity operator on Z is quasi-weakly compact. ✷
Theorem 25. Let T :X→ Y be a bounded operator, where X and Y are Banach spaces
and R(T ) is closed. Then T is quasi-weakly compact if and only if R(T ) is quasi-reflexive.
Proof. Necessity follows immediately from Theorem 24. For the converse, assume that
R(T ) is quasi-reflexive and let V be a finite dimensional subspace of R(T )′′ such that
R(T )′′ = JR(T ) ⊕ V . Then R(T ′′) = J ′′R(T )R(T )′′ = JJR(T )R(T ) ⊕ J ′′R(T )V ⊆ JY ⊕
J ′′R(T )V and so from Theorem 2 it follows that T is quasi-weakly compact. ✷
The above theorem is a generalisation of [20, Theorem 4.5] on bounded weakly compact
operators in Banach spaces.
If T does not have closed range, we may expect that the closure of R(T ) is quasi-
reflexive when the operator is quasi-weakly compact. But, this is not true in general. In-
deed, it is suffices to consider the inclusion i : l2 → c0. Then i is weakly compact but
R(i)= c0 is not quasi-reflexive.
5. Concluding remarks and applications
We cite some fields where the quasi-weakly compact operators or the quasi-weakly
compact linear relations can be play an important role:
(a) Generalisations of weakly compact linear relations.
(b) Characterisations of quasi-reflexive Banach spaces.
These applications are developed in this paper.
(c) A partial solution of a problem of Pelczynski.
The following definition, suggested by Pelczynski, is given in [19]. A subset M of a
Banach space X is called quasi-weakly compact of order n if it is bounded and there are
linearly independent functionals z1, . . . , zn in X′′ such that JX ∩ [z1, . . . , zn] = {0} and
JM σ(X,X
′) σ (X′′,X′) ⊆ JM σ(X,X′) + [z1, . . . , zn].
(Here [z1, . . . , zn] denotes the subspace spanned by {z1, . . . , zn}.)
In [19], Pelczynski conjectured that if M is a quasi-weakly compact subset of order n of
a Banach space X, then the convex hull ofM is also quasi-weakly compact of order n. This
conjecture has been solved by Retherford and Fleming in [19] for the case of X separable.
(d) A generalised Fredholm theory.
In order to establish a generalised Fredholm theory we consider the following notions:
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Definition 26. Let T ∈ LR(X,Y ). Then T is called a φ-relation (or a Fredholm lin-
ear relation) if it has finite dimensional null space and its range is closed and finite
codimensional [10, Definition V.1.8]. We say that T is a generalised Fredholm linear
relation of type (m,n) if R(T ) is closed, and N˜(T ) and ˜(Y/R(T )) are quasi-reflexive
spaces of orderm and n, respectively. Associated with T we define the functorial approach
of T , [T ], by D([T ]) := D(T ′′)/J D˜(T ), [T ] :x ′′ + J D˜(T ) ∈ D([T ]) → [T ](x ′′ +
J D˜(T )) := T ′′x ′′ + (QJY + T ′′J D˜(T )) ∈QJY/(QJY + T ′′J D˜(T )).
We observe that [T ] coincides with the functorial of Yang, T co, when X and Y are
Banach spaces and T is a bounded operator from X into Y . We also note that no topology
is defined on the quotients spaces D(T ′′)/J D˜(T ) and QJY/(QJY + T ′′J D˜(T )).
The authors anticipate that using results of φ-relations and the functorial approach one
can obtain a theory similar to the φ-relations theory for the generalised Fredholm linear
relations; and the similarity brings out the following correspondence:
Quasi-reflexive spaces ↔ finite dimensional spaces,
quasi-weakly compact linear relations ↔ compact linear relations,
generalised Fredholm linear relations ↔ φ-relations.
A full development of this generalised Fredholm theory seems not suitable here. We
shall however give a result which illustrates the connection of this generalised Fredholm
theory to the functorial of Yang in the classical case of bounded operators in Banach spaces.
Theorem 27. Let T :X→ Y be a bounded operator with range closed and let X,Y be
Banach spaces. Then T is a generalised Fredholm operator of type (m,n) if and only if
T co is a Fredholm operator such that dimN(T co)=m and dim(Y ′′/JY )/R(T co)= n.
Proof. Assume that R(T ) is closed. Then, by [20, Corollary 2.6], R(T co) is closed,
N(T co)≡N(T )′′/JN(T ), and (Y ′′/JY )/R(T co)≡ (Y/R(T ))′′/J (Y/R(T ), and so it fol-
lows the desired result. ✷
(e) Factorisation of linear relations.
We ask an unanswered question:
The quasi-weakly compact linear relations in normed spaces admit factorisations
through quasi-reflexive spaces?
In the classical case of bounded operators in Banach spaces the answer is affirmative.
The proof of this property in full details can be seen in [1]; it is based on the well-known
factorisation of Davies et al. [11].
The authors anticipate that this particular result may be extended (at least partially) to
multivalued linear operators using the following result which is due to Álvarez et al. [3,
Theorem 2.1]:
Theorem 28. Let the operator T :D(T )⊆X→ Y be given. Then there is a Banach space
Z and a factorisation A :D(T )⊆X→Z, j :Z→ Y˜ , J Y˜Y T = jA in which j is a bounded
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injective operator, AG is bounded, T˜ G = j (˜AG) and j coincides with the Tauberian
injection in the Davies et al. factorisation of T˜ G.
We note that in this theorem, G denotes the natural injection from D(T ) equipped with
the graph norm into D(T ).
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